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In this letter we apply the Gauss–Bonnet theorem (GB) to calculate the deflection angle by a
quantum corrected Schwarzschild black hole in the weak limit approximation. In particular we calcu-
late the light deflection by two types of quantum corrected black holes: the renormalization group
improved Schwarzschild solution and the quantum corrected Schwarzschild solution in Bohmian
quantum mechanics. We start from the corresponding optical metrics to use then the GB theorem
and calculate the Gaussian curvature in both cases. We calculate the leading terms of the deflection
angle and show that quantum corrections modifies the deflection angle in both solutions. Finally
by performing geodesics calculations we show that GB method gives exact results in leading order
terms.
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I. INTRODUCTION
According to the General Theory of Relativity, mas-
sive objects bend spacetime, as a result light rays are
deflected due to the spacetime curvature. Even though
the deflection of light by a massive body has a long
history of research it continues even today to attract a
lot of interest by studying the strong deflection regime
and weak deflection regime [1–5]. In this spirit, Virb-
hadra studied the relativistic images of Schwarzschild
black hole lensing [6], Schwarzschild black hole lensing
[7], the naked singularities and relativistic images of
Schwarzschild black hole lensing [7], gravitational lensing
by traversable Lorentzian wormholes was investigated in
Ref. [9], the light deflection by wormholes in the galactic
halo region in Ref. [10], to test the cosmic censorship
hypothesis [11], light deflection by charged black holes
[14], the optical effects and gravitational lensing of Kerr
black holes were analyzed in Ref. [15–17], gravitational
lensing in braneworld gravity [18, 19], gravitational lens-
ing by charged black holes in scalar–tensor gravity [20],
Schwarzschild black hole pierced by a cosmic string [12],
Kerr black hole pierced by a cosmic string [13].
Gibbons and Werner [21] showed that the deflection
angle can be calculated by applying the Gauss-Bonnet
theorem to the optical geometry. Furthermore, this
method was applied to the Schwarzschild black hole
[21, 22], Kerr black hole [23], charged black hole with
topological defects [24], spinning cosmic strings [25], and
more recently the deflection angle for a finite distance for
Schwarzschild–de Sitter and Weyl conformal gravity [27].
Modifications of the gravitational deflection of light
in alternative gravity theories were considered in Ref.
[31, 32], strong lensing by an electrically charged black
hole in Eddington-inspired Born-Infeld gravity [33, 34].
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Interestig modifications of the motion of light rays were
recently reported in some non-linear theories of matter,
such as non-linear electrodynamics, where photons prop-
agate over an effective geometry constructed on top of a
background electromagnetic one [39].
However, in all above examples the light deflection
was studied in the context of a classical general relativ-
ity. Thus, it’s interesting to ask if one can calculate the
deflection of light under the quantum effects. Interest-
ingly enough, the answer to this question seem to be yes.
In Ref. [28], the authors studied the bending of light
in quantum gravity and shown that light deflection is
modified by the quantum effects. Moreover, they inves-
tigated the possible implications of these effects of the
equivalence principle. Furthermore in Refs. [29, 30] the
authors have investigated the possible quantum gravity
effects on the gravitational deflection of light. Motivated
by the above papers, in this paper, we aim to calculate
the quantum gravity effects on the light deflection via
Gibbons–Werner method. To do so, we consider two
quantum corrected metrics: the renormalization group
improved Schwarzschild solution coming from the asymp-
totic safety approach that incorporates quantum correc-
tions to the classical solution found by Bonanno and
Reuter [35–38] and a quantum corrected Schwarzschild
metric in Bohmian quantum mechanics found by Ali and
Khalil [41] by replacing the classical geodesics with the
so–called quantal or Bohmian trajectories [40].
This paper is organized as follows. In Section II, we
write the optical metric to the improved Schwarzschild
black hole and derive then the quantum corrected Gaus-
sian optical curvature for this metric. In Section III,
we apply the Gauss–Bonnet theorem and calculate the
leading terms of the quantum corrected deflection angle.
In Section IV, we calculate the Gaussian curvature and
the deflection angle by quantum corrected Schwarzschild
metric in Bohmian quantum mechanics. In Section V we
confirm our results found by GW method using geodesics
approach. In Section VI, we comment on our results.
2II. RENORMALIZATION GROUP IMPROVED
SCHWARZSCHILD METRIC
Recently the effective improved solution coming from
the asymptotic safety approach that incorporates quan-
tum corrections was investigated by Bonanno and Reuter
in Ref. [36]. The key idea behind this approach is to
use a running Newton constant G = G(k) and to con-
sider the standard Einstein–Hilbert action as an aver-
age action Γkobs . Furthermore the scale parameter k is
position-dependent scale i.e. k = k(r), and r is the radial
Schwarzschild coordinate. On the other hand, kobs gives
a typical observational scale such that G0 = G(kobs).
The metric was found to be [36]
ds2 = −f(r)dt2 + f(r)−1dr2 + r2 (dθ2 + sin2 θ dϕ2)
where
f(r) = 1− 2G(r)M
r
, (1)
and
G(r) =
G0r
3
r3 + ω˜G0 (r + γG0M)
. (2)
In which G0 is Newton’s gravitational constant andM
is the black hole mass. On the other hand ω˜ and γ are
constants coming from the non–perturbative renormal-
ization group theory [35–38]. The quantum effects are
encoded via ω˜ = (167 ~)/(30pi), which shall be used later
on. It is interesting to see that the renormalization group
improved spacetime for large distances, i.e. r → ∞, at
order 1/r, one can recover the Schwarzschild spacetime
f(r) = 1− 2G0M
r
(
1− ω˜G0
r2
)
, (3)
hence, the event horizon is always smaller than the
Schwarzschild radius r+. Morover this quantum cor-
rected spacetime metric has also an inner horizon r−, but
when M equals to some critical mass M = Mcr (where
Mcr, is of the order of the Planck mass) the two hori-
zons coincide, rcr = r+ = r−. While for M < Mcr, this
spacetime has no horizon at all. Meanwhile the fate of
singularity at r = 0 is not clear in this approach and
needs more elaboration.
Let us briefly mention here that, Falkenberg and
Odintsov, argued that the structure of effective average
action depends on gauge, which suggest that the black
hole solution also depends on gauge choice, this on the
other hand leads to a number of problems [43]. To study
the light deflection, let us consider the equatorial plane
by choosing θ = pi/2, and then solve the metric (25) for
null geodesics with ds2 = 0. The optical line element
reads
dt2 =
dr2(
1− 2G(r)Mr
)2 + r2 dϕ2
1− 2G(r)Mr
. (4)
If we now introduce a new coordinate r⋆ and a new
function f(r⋆), we obtain the following form for the op-
tical metric g˜ab given as [21]
dt2 = g˜ab dx
adxb = dr⋆2+ f2(r⋆)dϕ2; a, b = {r, ϕ} (5)
in which
dr⋆ =
dr
1− 2G(r)Mr
, (6)
and
f(r⋆) =
r√
1− 2G(r)Mr
. (7)
One can now easily check that the two nonvanishing
Christoffel symbols corresponding to the optical metric
(5) can be calculated as
Γ˜rϕϕ = −f(r⋆)f ′(r⋆)
= −
[
r6 − 3G0Mr5 + 2G0r4ω˜ +G20Mω˜r3(2γ − 1) +G20r2ω˜2 + 2G30Mrγ +G40M2γ2ω˜2
]
r
(2G0r2M −G20Mγω˜ −G0rω˜ − r3)2
(8)
and
Γ˜ϕrϕ =
f ′(r⋆)
f(r⋆)
= −
[
r6 − 3G0Mr5 + 2G0r4ω˜ +G20Mω˜r3(2γ − 1) +G20r2ω˜2 + 2G30Mrγ +G40M2γ2ω˜2
]
r (2G0r2M −G20Mγω˜ −G0rω˜ − r3) (G20Mγω˜ +G0rω˜ + r3)
. (9)
Next to calculate the corresponding Gaussian optical cur-
vature K, we make use of the only nonvanishing compo-
nent of the Riemann tensorRrϕrϕ related to the Gaussian
3optical curvature by the following equation [21]
Rrϕrϕ = K (g˜rϕg˜ϕr − g˜rrg˜ϕϕ) = −K det g˜rϕ. (10)
From this result one can show that the Gaussian opti-
cal curvature can be calculated as [21]
K = − Rrϕrϕ
det g˜rϕ
= − 1
f(r⋆)
d2f(r⋆)
dr⋆2
. (11)
It follows now from the last equation that the Gaussian
optical curvature K, can be expressed as [21]
K = − 1
f(r⋆)
d2f(r⋆)
dr⋆2
(12)
= − 1
f(r⋆)
[
dr
dr⋆
d
dr
(
dr
dr⋆
)
df
dr
+
(
dr
dr⋆
)2
d2f
dr2
]
.
Using Eq. (12) and Eqs. (7) and (6) we derive the fol-
lowing result for the quantum corrected Gaussian optical
curvature
K = −MG0
{
2r9 −G0(3Mr8 + 4r7ω˜)− Ξ(r) + Θ(r) − r3ω˜2M2γG40(12γ − 4) + 2rG50M2γ2ω˜3 + 2G60M3γ3ω˜3
}
(r3 + ω˜MγG20 + ω˜rG0)
4 ,
(13)
where
Θ(r) = r4ω˜MG30[24Mrγ − ω˜(20γ − 1)],
Ξ(r) = r5ω˜G20[M(12γ − 10)r + 6ω˜]. (14)
Morover we can approximate the last result for the
quantum corrected Gaussian optical curvature if we ne-
glect higher order terms in M to find,
K = −2G0M
r3
+
12MG20 ω˜
r5
+
10MG30 ω˜
2
r7
− 24MG
4
0 ω˜
3
r9
.
(15)
Thus, as expected, the last equation shows that the
Gaussian optical curvature is negative. This result sug-
gests that the light deflection by a black hole should
be considered as a global effect. More specifically, this
brings the role of the spacetime topology on the light de-
flection by a black hole. In other words the light rays
can be focused only if we consider the light deflection by
a black hole as a global topological effect. In the next
section we are going to use the Gauss–Bonnet theorem
to compute the deflection angle.
III. QUANTUM CORRECTED DEFLECTION
ANGLE
From differential geometry we know that the Gauss-
Bonnet theorem for the non–singular region DR in M ,
with boundary ∂DR = γg˜ ∪ CR can be stated as follows
[21] ∫∫
DR
K dS +
∮
∂DR
κ dt+
∑
i
θi = 2piχ(DR). (16)
In the last equation, K, is the Gaussian curvature,
κ is the geodesic curvature, θi gives the corresponding
exterior angle at the ith vertex and χ(DR) is the Euler
characteristic number. Note that the geodesic curvature
can be calculated as κ = g˜ (∇γ˙ γ˙, γ¨), in which g˜(γ˙, γ˙) = 1
where γ¨ is the unit acceleration vector.
At very large R, i.e. R→∞, both jump angles become
pi/2 and hence θO + θS → pi; in which S and O means
the source and observer, respectively (see for example
[21]). Furthermore, since γg˜ is a geodesic then it follows
κ(γg˜) = 0. Let us find the geodesic curvature which can
be calculated as κ(CR) = |∇C˙RC˙R|, in which we can
choose CR := r(ϕ) = R = const. The radial component
of the geodesic curvature can be calculated as
(
∇C˙RC˙R
)r
= C˙ϕR
(
∂ϕC˙
r
R
)
+ Γ˜rϕϕ
(
C˙ϕR
)2
. (17)
Note that the first term in the last equation is zero
while in the second term we have Γ˜rϕϕ = −f(r⋆)f ′(r⋆)
and C˙ϕR = 1/f
2(r⋆) (this result follows from g˜ϕϕ C˙
ϕ
RC˙
ϕ
R =
1). Finally the geodesic curvature at very large R, gives
lim
R→∞
κ(CR) = lim
R→∞
∣∣∣∇C˙RC˙R
∣∣∣
= lim
R→∞
{[
R6 +G0
(
2R4ω˜ − 3MR5)+R2ω˜2G20 [M(2γ − 1)R+ ω˜] +G40M2γ2ω˜2 + 2G30MγRω˜2]2
R2 (R3 +G20Mγω˜ +G0Rω˜)
2
(2G0R2M −G0Rω˜ −G20Mγω˜ −R3)2
}1/2
→ 1
R
. (18)
As expected, we have shown that for very large r(ϕ) = R = const., the geodesic curvature can be given as
4κ(CR) → R−1. On the other hand one can see that
from the optical metric it follows dt = R dϕ, implying
κ(CR)dt = dϕ. Going back to the Gauss–Bonnet theo-
rem (16) and keeping in mind that the Euler character-
istic is χ(DR) = 1, we find
∫∫
DR
K dS +
∮
CR
κ dt
R→∞
=
∫∫
S∞
K dS +
π+αˆ∫
0
dϕ = pi.(19)
Since we study the weak limit approximation we may
choose for the light ray at zeroth order r(t) = b/ sinϕ.
For the deflection angle the last equation reduces to
αˆ = −
π∫
0
∞∫
b
sinϕ
K
√
det g¯ dr dϕ, (20)
where dS =
√
det g˜ dr dϕ, and
√
det g˜ = r. Substitut-
ing the result found for the quantum corrected Gaussian
curvature (15) into the last equation we end up with the
following integral
αˆ ≃ −
π∫
0
∞∫
b
sinϕ
(
−2G0M
r2
+
10MG30 ω˜
2
r6
+
12MG20 ω˜
r4
− 24MG
4
0 ω˜
3
r8
)
drdϕ (21)
Te above integral can easily be evaluated to give
αˆ ≃ 4G0M
b
− 16MG
2
0ω˜
3 b3
+
32MG30ω˜
2
15 b5
+
768MG40ω˜
3
245 b7
. (22)
In the last equation b is the impact parameter, there-
fore b >> M . We can see the quantum effects on the
deflection angle more clearly if we use the value for the
constant ω˜ coming from the standard perturbative quan-
tization of Einstein’s gravity in which is shown ω˜ to be
[35–38]
ω˜ =
167 ~
30pi
. (23)
Note that in the last equation we have temporary in-
troduced the Planck constant. If we neglect the higher
order terms in mass, M , and ~, we find
αˆ ≃ 4G0M
b
− 1336MG
2
0~
45 pi b3
+ O(M2, ~2). (24)
The first term gives the standard deflection angle of
the classical Schwarzschild black hole, whereas the second
term arises due to the quantum gravity effects. Note that
the factor MG20~/(pib
3) present in the second term is in
complete agreement with the result found in Ref. [28].
Of course, this is a very small correction, but nevertheless
modifies the deflection angle.
IV. QUANTUM MODIFIED SCHWARZSCHILD
METRIC
In a recent study [40], the quantum Raychaudhuri
equation (QRE) in the context of the Bohmian quan-
tum mechanics has been derived by Das. The basic idea
is to replace the classical velocity field with the quantum
velocity field, in particular one can introduce a four quan-
tum velocity field uµ, with the following wave function
for the quantum fluid [41]
ψ(xµ) = Rei S(x
µ), (25)
where ψ(xµ) is a normalizable wave function, while
R(xα) and S(xα) are real functions. The four velocity
field can be written as uµ =
~
m ∂µS where (µ = 0, 1, 2, 3).
Later on, in Ref. [42] Ali and Khalil found a quantum
corrected Schwarzschild metric given by (in the units
G0 = c = 1)
ds2 = −
(
1− 2M
r
+
~η
r2
)
dt2 +
(
1− 2M
r
+
~η
r2
)
−1
dr2
+ r2
(
dθ2 + sin2 θ dϕ2
)
. (26)
We note that Einstein’s field equations are assumed
to remain unchanged i.e. Gµν = 8piTµν with non-zero
stress–energy tensor components. If we now consider the
equatorial plane θ = pi/2 and solve the above metric for
null geodesics ds2 = 0, we find this time the optical line
element to be
dt2 =
dr2(
1− 2Mr + ~ηr2
)2 + r2 dϕ21− 2Mr + ~ηr2
= dr⋆2 + f2(r⋆)dϕ2, (27)
where
dr⋆ =
dr
1− 2Mr + ~ηr2
, (28)
and
f(r) =
r√
1− 2Mr + ~ηr2
. (29)
Following the same arguments as in the last section
we can calculate the Gaussian optical curvature by using
5Eq. (12) and the last two equations to find
K = −2M
r3
(
1− 3M
2r
)
+
3η~
r4
(
1 +
2~η
3r2
)
− 6~ηM
r5
. (30)
Neglecting higher order terms in M and ~, the above
result can now be substituted into the Eq. (20) to give
the following integral
αˆ ≈ −
π∫
0
∞∫
b
sinϕ
(
−2M
r2
+
3η~
r3
− 6~ηM
r4
)
dr dϕ. (31)
Solving this integral finally gives
αˆ =
4M
b
− 3pi~η
4 b2
+ O(M2, ~2). (32)
We see that the second term incorporates the quantum
effects and modifies the standard deflection angle. Note
that this result is in perfect agreement with the result
found in Ref. [42] where the authors have calculated the
deflection angle using different method. Also one can see
the similarity of this result with the deflection angle by
a charged black hole [24], if we set η~→ Q2.
V. GEODESICS EQUATIONS
A. Quantum improved Schwarzschild black hole
Let us now confirm our results obtained by Gauss-
Bonnet method by performing a standard geodesic com-
putation using the variational principle δ
∫
L ds = 0.
Using our metric (1) it follows that the Lagrangian gives
L = −1
2
(
1− 2MG(r(s))
r(s)
)
t˙2 +
r˙2
2
(
1− 2MG(r(s))r(s)
) + 1
2
r(s)2
(
θ˙2 + sin2 θϕ˙2
)
, (33)
where
G(r(s)) =
G0r
3(s)
r3(s) + ω˜G0 (r(s) + γG0M)
. (34)
We shall consider the the deflection of light in the equa-
torial plane therefore we can choose θ = pi/2. Then by
introducing two constants of motion l and γ, as follows
[44]
pϕ =
∂L
∂ϕ˙
= r(s)2ϕ˙ = l
pt =
∂L
∂t˙
= −
(
1− 2G0r
2(s)
r3(s) + ω˜G0 (r(s) + γG0M)
)
t˙
= −γ. (35)
Furthermore we can introduce a new variable r =
1/u(ϕ), which suggests that
r˙
ϕ˙
=
dr
dϕ
= − 1
u2
du
dϕ
. (36)
Thus making use of eqs. (32),(34) and (35) and
choosing γ = 1 [44] and using the condition that ϕ is
measured from the point of closest approach, namely
u(ϕ = 0) = umax = 1/rmin = 1/b [45], and one can
show that for the second constant l = b. Then, we get
the following differential equation,
− Ξ(u)
2
2u4b2ζ(u)2
+
Ξ(u)G0M
u6b2ζ(u)2
+
(
du
dϕ
)2
2u4
(
1− 2G0Mu2Ξ(u)
) + 1
2u2
= 0
where
Ξ(u) =
1
u3
+
ω˜G0
u
+ ω˜G20γM (37)
ζ(u) = ω˜G20γM −
2G0M
u2
+
1
u3
+
ω˜G0
u
(38)
We can solve the last equation for du/dϕ, and then
to integrate with respect to u, to find the deflection an-
gle. By following similar arguments given in Ref. [44],
the deflection angle can be obtained by considering the
6following integral
∆ϕ = 2
∫ 1/b
0
A(u) du, (39)
where A(u) is a complicated function which is obtained
by considering Taylor expansion series around ω and M .
This function is found to be
A(u) =
30pib
[
b2u2(1 +G0Mu)− 1
]− 167u5G20b3M~
30pi(b2u2 − 1)√1− b2u2 ,
(40)
Carrying out the integration and keeping only the
terms of order 1/b, and 1/b2, we can express the final
result as
∆ϕ = pi + αˆ (41)
where αˆ is the deflection angle. Thus we find the follow-
ing result for the deflection angle in the weak deflection
approximation to second order terms,
αˆ ≃ 4M
b
− 1336MG
2
0~
45 pi b3
. (42)
B. Quantum corrected black hole in Bohmian
quantum mechanics
Let us perform similar computations to the case of met-
ric (25). The Lagrangian in this case reads
L = −1
2
(
1− 2M)
r(s)
+
~η
r2(s)
)
t˙2 +
r˙2
2
(
1− 2Mr(s)
)
+ ~ηr2(s)
+
1
2
r(s)2
(
θ˙2 + sin2 θϕ˙2
)
. (43)
In analogous way we define two constants of motion l
and γ as following [44]
pϕ =
∂L
∂ϕ˙
= r(s)2ϕ˙ = l,
pt =
∂L
∂t˙
= −
(
1− 2M
r(s)
+
~η
r(s)2
)
t˙ = −γ. (44)
Using the above equations and choosing γ = 1 [44] and
using the condition that ϕ is measured from the point of
closest approach, namely u(ϕ = 0) = umax = 1/rmin =
1/b [45], and one can show that for the second constant
l =
b3 + b2M − bη~− 2η~M
b
√
1− η~ , (45)
then, we get the following differential equation
− M
u7Ξ2ζ2
− ~η
2u6Ξ2ζ2
− 1
2u8Ξ2ζ2
+
(
du
dϕ
)2
u4 (2u2~η − 4Mu+ 2) +
1
2u2
= 0
where
Ξ(u) =
b3 + b2M − bη~− 2η~M
b
√
b2 − ~η
, (46)
and
ζ(u) = ~η − 2M
u
+
1
u2
. (47)
According to Ref. [44], the deflection angle can be
obtained by considering the following integral
∆ϕ = 2
∫ 1/b
0
B(u) du, (48)
where B(u) is a complicated function which is obtained
by considering Taylor expansion series around ~ and M .
As before we have choosen γ = 1 and l = b. Then, we
get the following differential equation,
B(u) =
∆b4 +Θb3 +Φb2 − 3~η(Mu+ 1/3)− 3η~M
2b2(bu+ 1)
√
1− u2b2
(49)
∆ = −3η~Mu4 − η~u3 + 2Mu2 + 2u,
Θ = −3η~Mu3 − η~u2 + 2Mu+ 2,
Φ = −6η~Mu2 − η~u+ 2M. (50)
Finally we solve the last integral which can be written
as
∆ϕ = pi + αˆ (51)
where αˆ is the deflection angle. As before we shall con-
sider only the terms of order 1/b, and 1/b2, we can ex-
7press the final result as
αˆ ≃ 4M
b
− 3pi~η
4 b2
. (52)
VI. CONCLUSION
In this paper, we have calculated the deflection an-
gle by the renormalization group improved Schwarzschild
black hole and a quantum corrected Schwarzschild black
hole in the Bohmian quantum mechanics. We have ap-
plied the Gauss–Bonnet theorem to the corresponding
optical metrics in both cases and recovered the quantum
corrected Gaussian optical curvature. We have shown
that the deflection angle is affected by the quantum grav-
ity effects in both cases. Finally we confirm GB computa-
tions by using the standard geodesic approach up to the
second order terms. Morover we have shown that GB
method gives exact result up to the second order term in
both solutions. The importance of this work is mainly of
conceptual nature, namely GB method allows to compute
even quantum corrections to the light deflection, by con-
sidering a domain outside of the light ray. Hence the role
the global topology on gravitational lensing is important
in GB method.
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